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Abstract  The aim of this paper is to show that the results on triality and tri-duality in Gao
(J Glob Optim 17:127-160, 2000; J Glob Optim 29:377-399, 2004; J Glob Optim 35:131—
143, 2006; Encyclopedia of optimization, 2nd edn. Springer, New York, pp 822-828, 2009)
and Gao et al. (J Glob Optim 45:473-497, 2009) are false. To prove this we provide simple
counterexamples.
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1 Introduction

As D.Y. Gao says on his web-page http://www.math.vt.edu/people/gao/triality/triality.html,
“the bi-minmax statements (tri-2, tri-3) were discovered in 1996 in a post-buckling analysis
of large deformed beam model”. The terms bi-duality, triality and tri-duality are intensively
used in the book [1] and several other papers of D.Y. Gao.

This paper is organized as follows. In Sect. 2 the focus is on the triality and tri-duality
results in [2, Th. 5, Th. 6] while Sect. 3 deals with several counterexamples to the results in
[4] concerning a quadratic programming problem. The counterexample in Sect. 4 refers to a
statement in [5]. This paper concludes with a counterexample to a triality theorem in [6].
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In the sequel we make several quotations from the respective papers of D.Y. Gao and his
collaborators in order to make the reading and the understanding of the framework more easy
a process.

2 Counterexamples to some results in [2,3]

In [2] one considers X', ) as being locally convex spaces. “The so-called geometrical oper-
ator A : X — ) is a continuous, Gateaux differentiable operator such that for any given
x € X, C X, there exists ay € ), C Y satisfying the geometrical equation y = Ax”.

The so called extended Lagrangian is introduced as

“L(x,y") = (A); y*) = W™ — (x,c) (5.65)",

where W € I'()) (meaning that either W is convex, denoted by W € 1‘(3}), or W is concave,
denoted by W € I'(Y)), W* is its corresponding Fenchel conjugate (see [2, p. 131]), and
c e X*,

On [2, p. 148] one says “Let Z, = X, x V¥ C Z2” = X x Y* “be the effective domain of
L) thatis Z, = {(x, y*) € X x Y* | |L(x, y*)| < 400} (see [2, p. 127]), “and let L. C Z,
be a critical point set of L, i.e.

Le={X,y) € X xV|SLEX,¥5x,y)=0 V(x,y") € X x Vi}.

For any given critical point (x,y*) € L., we let X, x V¥ be its neighborhood such that on
X, x V¥, the pair (X, y*) is the only critical point of L. The following result is of fundamental
importance in global optimization.

Theorem 5 (Triality theorem) Ler (X,y*) € L. be a critical point of L and X, x Y} a
neighborhood of (x,y™).
L. Suppose that W € T'()),) is convex. If(A(x); y*) is convex on Xy, then

L =L = L 5.66
){Iengl(lymgafg (x, ) &,y = )maj)gml)l(l (x,y%). (5.66)

However, if(A(x); Y*) is concave on X, then either

L =L = L 5.67
grsuxnrymeal); (x, y") x5 = lejr}rrslgg (x,¥%), (5.67)

or

max max L(x,y*) = L(x,y*) = max max L(x y"). (5.68)”
XEX, y*eYF y*eVF x

Part IT of [2, Th.5] is obtained from part I by changing L in —L. Note that the statement
of [3, Th.3] is the same as that of [2, Th.5].
In order to make the writing simpler, we replace y* by ¢ in Examples 1 and 2 below.

Example 1 Let X be a Hilbert space withdim X > 2,V =R, A(x) = —% ||)c||2 , W) =
lyz + 3y (hence W is convex and W*(¢) = %(g —3)?), ¢ € X with ||c|| = 2. Hence

L(x __1 2_1 —13)2 _
,6) = 2§||)C|| 2(5‘ 3) (¢, x). (D

Then VL(x, §) = —¢ — ¢x, Ve L(x, ¢) = —3 [|Ix||*> — ¢ + 3.If (x, <) is a critical point for
L then ¢ # 0 because ¢ # 0 and so x = —¢~!¢; hence ||x||2 = 4/¢2 = 6 — 2¢. It follows
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that ¢ € {1, 14 +/3, 1 —+/3}. Hence the critical points of L are (—c, 1), (”‘[ ﬁ),

and (I_T*fc, 1+ ﬁ) Clearly, all the critical points of L are isolated.

Consider (x, ¢) := (—c, 1). We fix the neighborhood Uy := {x € X | |[x —X|| < 1} of X
and the neighborhood Vj := (0, co) of ¢. We have that (X, ¢) is the only critical point of L
in Uy x Vp since | 2585 — x| =353 > 1.

Because (A (x); g) ||x ||2, the hypotheses of the second portion of part [ in [2, Th.5]
hold. Fort > 0, x; := (1 — t)f, ¢ := 1 4+t we have

LG c) = =201+ (1 = 1) — %(r 44—y =1 (% _ Zt) .

For any U x V aneighborhood of (X, §) there exists ¢ € (0, 3/4) such that (x;, ¢;) € U x V,
for every t € (0,¢), and so L(x;, ;) > 0 = L(X,<). Hence sup, .y SUP ey L(x,¢) >
L(x,¢), whence [2, (5.68)] does not hold on any neighborhood of (X, ¢).

Take again U x V an arbitrary neighborhood of (x,¢) and x € U.

Since Vo L(x,3 — % ||x||2) = 0 and L(x, -) is concave we have that

1
sup L(x,¢) <supL(x,g) =L (x, 3- 3 IIXIIZ) — x| IIXII +(x, x) =10 (x),
seV ceR
2

due to the fact that every concave function reaches its global maximum value at its critical
points.
For every u € X with (x, u) = 0 we have

_ | R _
OF +u) = §<||x||2 + llull®?* - 5<||x||2 + lull?) + [1%1I?
1 3 1 1
=@+ llul)? — S+ ull?) + 4 = -3 flu]|? (1 - ||u||2).

Since dim X > 2, there exists u € X suchthatx +u € U, (x,u) = 0and 0 < |ju| < 2;
hence Q(x + u) < 0. It follows that

inf sup L(x, ¢) < mf O0x) < 0&x4+u)<0=L(x,%)=0(x). 3)

xeU ceV

Hence [2, (5.68)] also does not hold on any neighborhood of (X, ). Therefore [2, Th.5] is
false.

On [2, p. 149] one says that the next result “is a special case of the triality theorem”.

“Theorem 6 (Tri-duality theorem) Suppose that W € I ), (x,¥%) € L. isacritical point
of L and X, x Y} is a neighborhood of (x, y™). If(A(x); ¥*) is convex on X, then

P(X) = min P(x) if and only if P*(3*) = max P¢(y*). (5.77)
xeX, y*eYy
However, if(A(x); Y*) is concave on X, then
P(X) = min P(x) ifand only if P*(3*) = min P?(y*), (5.78)
xeX, y*eyr

r

P(X) = max P(x) ifand only if P*(3*) = max P%(y*). (5.79)”
XEX, y*eyr
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In the above statement

“Px) =W(AKX) —(x;c),ce X* (5.64)” and
“Pl(y*) = staL(x,y") | x € X} = =GI(y") = W*(y") Vy* eV}, (5.74)
where G? : Y* — R is the so-called pure complementary gap function” and “sta” stands for

finding critical values.
The statement of [3, Th. 4] is similar to the statement of the previous theorem.

Example 2 Consider the framework of Example 1. Then (using also (2))

(N ol 3
P(x) =W IIxl7) + (x, x) = < lIxI” — - lIx)I” + {x, x) = sup L(x, ¢).
2 8 2 ek

Also, using (1), we find

dy ~\_ _—17_—1_l_2_l_2_
P9 (¢)=sta{L(x,¢) | x € X}=L(s™ X,5)=2¢ 2(§ 3)—2(§ D74 -9)/s

for ¢ # 0. It is easily seen that € = 1 is a local minimum point of P¢. However, as seen
in Example 1 (note that Q = P and recall (3)), X is not a minimum point of P on any
neighborhood of X if dim X > 2. Hence [2, Th.6] (more precisely, (5.78)) does not hold.

3 Counterexamples to some results in [4]

In [4] one considers the problem (P) min P (x) := %xTAx —xT f subjectto x € Xy, where
Xy = {x € R" | Bx < b}, with A a non-singular symmetric real n X n matrix, B a real
m x nmatrix, f € R", b € R",and v < vy means that vy —v; e R} :={z e R" | z; >
0Vi e 1, m}. One considers the Lagrangian function L : R" x R’} — R defined by

1
L(x,v):= ExTAx — fo + v (Bx = b).
The element (x, V) is a KKT point for (P) if
Ax+BTv=Ff 7v=>0 Bx<b, v (Bx—b)=0. 4)

Note that V,L(x,v) = Ax — f + BTv, V,L(x,v) = Bx — b; hence V,L(x,7) = 0
whenever (X, V) is KKT point for (). On [4, p. 394], one introduces

PYv) :=ext{L(x,v) |x e R"} = L(A™'(f — BTv), v)
= —%(f —BTWT A=Y (f — BTv) —Tb,

where “ext” stands for finding all the extremum values. The value ext L(-, v) is unique when
A is either positive or negative definite (and implicitly invertible) and is obtained at critical
points of L(-, v),i.e., Vi L(x,v) = Ax— f+BTv = Oorequivalentlyatx = A~ (f—BTv).
More precisely, ext L(-, v) is a global maximum value, that is, Pe(v) = sup,cgn L(x, v) for
v € R™, when A is negative definite since in this case L(-, v) is concave and it is a global
minimum value, i.e., P?(v) = inf epn L(x, v) for v € R™, when A is positive definite since
in this case L(-, v) is convex.

On [4, page 395] one says: “Then by the general triality theory developed in [11], we have
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Lemma 1 (Triality for canonical quadratic programming) Suppose that the vector (X, V) is
a KKT point of the quadratic programming problem (P).
If A is positive definite, then the saddle minmax theorem in the form

min max L(x,v) = L(x,v) = max min L(x,v) (56
xeva>0()() OR()()

holds.

If A is negative definite, then either the super-maximum theorem in the form

max max L(x,v) = L(x,v = max max L(x,v) (57)
xeXr v=0 v>0 xeR”?

holds, or the super-minimum theorem in the form

min max L(x,v) = L(x,V) = minmax L(x,v) (58)
xeXy v=0 v>0 xeR”
holds.”
The reference [11] mentioned above is our reference [1].
Assume that A is negative definite. On one hand

1
sup sup L(x,v) = sup sup L(x, v) = sup sup |:fxTAx — fo + v (Bx — b)]

v=>0 xeR" xeR" v>0 xeR* v=>0

xeR”? v>0

1
sup |:xTAx —xT f +supv? (Bx — b)i| =

whenever there exists xo € R” such that b — Bxo ¢ R}. Note that b — Bx € R’ for every
x e R"iff B=0and b € R?. So, assuming that B 7 0 or b ¢ R, we have that (57) in [4,
Lem.1] does not hold.

On the other hand,

1
inf sup L(x,v) = inf |:fxTAx —foi| = -0
XEXf >0 xeXy | 2

whenever X'y # ) and there exists xo € R" \ {0} such that Bxo > 0 (such a B is easily
found; take m = n and B = I,,). Indeed, in this case B(x — txg) < b, for every t > 0, that
is, X — txo € Xy for every ¢t > 0; it follows that

inf [leAx - fo] < inf [l(f —tx)TA(X — txg) — (X — txo)Tfj| =—
2 >0 2

YEXy

because the expression inside the infimum is a quadratic polynomial in # with negative leading
coefficient %xOT Axg. Hence (58) in [4, Lem.1] does not hold.

Therefore, when A is negative definite [4, Lem.1] is false.

On [4, p. 382] one considers also a parametrization of problem (P):

1
“(Pu) : min P(x) = ExTAx—fo, (12)
s.t.Bx < b, |x| <2u. (13)

Since for a given p > 0, the feasible space

1
Xu:{xeR”lesb, Elxlzflt] (14)
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is a closed convex subset of R", the parametric optimization problem (P,,) has at least one
global minimizer x,.”

Actually, (P,,) has at least one global minimizer because X, is compact (that is, bounded
and closed) in R”.

A dual problem is also introduced as follows: “On the dual feasible space defined by

Vi ={(*, p*) € Y} | det(A + p*I) # 0},
={(€", p) eR" xR |€* >0, p* >0, det(A + p*I) # 0},

the canonical dual function P4 (y*) = I »*) — W (y*) takes the following form
1
PUE p*) = =S (f = BT A+ p"DTN(f = BT€") —up™ —bTe” (1)

Thus, the canonical dual problem ((Pﬁ) in short) associated with the parametric problem can
be eventually formulated as the following (See Gao 2003)

(Pd) s ext PA(e*, p*) (19)
st. €°>0, p* >0, det(A+ p*I) #0, (20)

where ext P (x) stands for finding all the extremum values of P(x).”
Note that in [4] there is no reference Gao 2003, but 2003a and 2003b.
It is worth observing that y;; =R} x{peR|p=>0,det(A+ pl) #0}.
On [4, p. 384] one finds the following definition.

“Definition 1 (Index of the matrix A) Let A € R"*" be a symmetric matrix. The index iy
of A is defined to be the total number of distinct negative eigenvalues of A.

By this definition, the quadratic function P (x) is nonconvex if and only if the index iy > 0.
Suppose that the vector (é;*, ,5;‘) is a KKT point of (Pl‘f), and the matrix A with index iy has

p < n distinct eigenvalues {¢;},i = 1, ..., p < n in the order of
ap <ay <---<aj,y, <0=<aj,41 <---<ap.
Then, ifﬁlf" > —ay,the rnatrixA—i—ﬁl.*I is positive definite. However, ifa;,+1 = --- =a, =0

and the KKT point p} < —aj,, the matrix A + p;I will be negative definite. Let

Vi = (€, p") € V) | A+ p*I is positive definite} (27)
V- =1{(",p") € ¥, | A+ p*I is negative definite} (28)
Vi =) e Vi | p*>0), (29

and
1 2 9
Xus =1x € Ay | Elxl =put. (30)

Observe that A + pl is positive definite iff p > —a; and A + p! is negative definite iff
p < —ap. Henceif iy # 0 and p = iy then
Vi =RY x (=ai,00), YV,_ =RY %[0, —a;,); (6))

moreover, if p > iy then Y* = (J (contrary to what is said above, namely that ,5;* S y;;_).
One continues with: “Based on the triality theory developed in [11] as well as the recent
result (see Gao 2003), we have the following interest result.
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Theorem 2 (Local and global extrema) Suppose that the matrix A has no zero index iz > 0,
and for a given parameter u > 0, the vector (€, p}) is a KKT point of the duals problem
(PD), and let x; = (A+ p; ™' (f — BT&}).

If p} > —ay, then the vector (€}, p}') is a maximizer of P4 on Vit if and only if the
vector X; is a minimizer of P on X5, and

P(X;) = min P(x)= max P, p*) = PUE, pf). (31)
XEX;” (6*,p*)€y;:+

If 0 < pf < —ay,, then (€', p}') is a maximizer of P on V. ifand only if x; is a global

maximizer of P on X, and
P(X;) = max P(x) = max PI(e*, p*) = PUE, pf) (32)
XEXy (e*,p")EY);_

If 0 < pf < —aj,, the KKT point (&, p}) is a minimizer of P4 on the open set y;;l. if

and only if X; is a minimizer of P on the set X5, and
P(X;) = min P(x)= min P p*) =PI, pf). (33)”
XEAs (6*»,0*)63;;,'

First note that the index i in the above statement is not related to any eigenvalue a; of A.
Second, the set ylj[ is open in R” x R only if y;‘;l. is empty. Third, as seen above, if p > iy
then the sets )i;jf, y;‘;l. are empty; so, if we find some KKT point (€], p;°) of (Pﬁ) such that
0 < pf < —aj, then (¢*, p¥) ¢ Vi _, y;l. = (J and the last two parts of the previous theorem
conclusion do not make sense as we will see more precisely in the next example. Hence, in
order for the last two cases of [4, Th.2] to be meaningful one must have that p = iy, in which
case (5) holds.

Example 3 Let A = (_02 (1)) = (207 B=(~1,0).b=—1.u=}.Then
1 1(—22 1 (e — p)?
P = — 2 —x2 2 Pd = 5 A~ — A =1 YL
(x1, x2) X 5 2, (e, p) 2 p—2 yP e +2(2—p)
(6)

We have that (g, p) = (1, 1) is a KKT point for (P,‘f) with0 < p < —a;, = 2; more precisely
SPY(E, p) = 0. Moreover, x = (1, 0)7, X, = Xy = {x}, and y;+ =Ry x (2, 00) from
which

P(X)= min P(x)=max P(x)=1= max P, p) = Pi1,1). @)

XEXys xeXy, (e.0)€V 4

Clearly, y;;f = y;i =, A + pI is not negative definite, and (&, p) cannot belong to )i;L
even though 0 < p < —a;, = 2. These facts show that the last two parts of the conclusion
of [4, Th.2] do not hold because they do not make sense.

A natural question is whether [4, Th.2] is true when p = iy, thatis, A is negative definite.
To this end we have the following example.

Example 4 Let A = Diag(—2, —4), f = (-2, O)T, B=(-1,0,b=—-1,u= % Then
P(x1, x2) = —x7—2x3+2x; and P?isasin (6). Asin Example 3 we have that (¢, ) = (1, 1)
is a KKT point for (P4) with 0 < p < —a;, = 2,X = (1,0)", X, = X,,; = {x}, and (7)
holds (with y;;+ = R4 x (4, 00)). Moreover, (g, p) € y;j,. =Ry x (0,2) C Vi =
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R4 x [0, 2). From the expression of P in (6) it is clear that relation (32) in [4, Th.2] does
not hold since Max g, p)eys P4(g, p) = +oo. Hence [4, Th.2] is false.

4 Counterexample to a statement in [5]

On [5, p. 135] one says: “The primal problem (P) for p = 1 is to find all critical points of
the nonconvex function

P = Lo (L - 1) '
x)=—-a | = |x|"— —x' f.
271\ 2 !
The canonical dual function for this simple case is

Py = 1o

e oS sk

On p. 136 of [5] one considers

1 1 _
“Lx.9) =3 Ix|? ¢ — % 'e2— o —xTf (12)

which is actually the generalized complementary energy studied by Gao and Strang in non-
convex/nonsmooth variational problem [12]”.

The reference [12] above is our reference [7]. Here a1, A1 > O.

The statement in [5] we focus on is

“If (x, ©) is a critical point of L(x, ¢), and ¢ < 0, then in the neighborhood of (x, <), we
have either

P(x) = min max L(x, ¢) = minmax L(x, ¢) = Pd(f), (14)
c<0 xeR®

xeR" ¢<0

or
P(x) = maxmax L(x, ¢) = maxmax L(x,¢) = Pd(?). (15)”
xeR" ¢<0 c<0 xeR®

From their definitions it follows that P (x) = max.cr L(x, ¢), for every x € R" while from
a direct convex conjugate computation it follows that Pd(g) = maxyeprr L(x, ¢), for every
¢ <O0.

Note that [5, (14)] implies that ¢ is a global minimum point of P4 on (—o0, 0), while
[5, (15)] implies that < is a global maximum of P? on (—o0, 0). However, in the previous
statement one also specifically declares that all happens “in the neighborhood of (x,¢)”;
making us wonder about the meaning of this part of the statement.

To construct a counterexample for the above statement we use a version of Example 1
with ¢ replaced by —¢.

Example 5 Let X =R" withn >2, f € X, |f| =2, = 1,and A; = 3. Hence

1 2 1 2
Lx. o) =75 lxI" =567 =3¢ = {f.x).

where || - ||, (-, -) stand for the norm and inner product of R", respectively.
Then ViL(x, s) = ¢x — f, VeL(x,5) = 5 Ix|> = ¢ =3, and (£, %) := (= f, =D is a
critical point of L. It follows that

1 L/ 5\
P@)=sup L(x.¢)=Lx, 2 lIx[I"=3) =S| S Ix["=3) —{f.x),
ceR
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due to the fact that every concave function (in this case L(x, -)) attains its global maximum
value at its critical points (¢ = %le Iz = 3). Similarly, for ¢ < 0 and the concave function
L(-, ¢) we have

2

_ 1
Plg)=sup L(x,c) =L(s ' fic)=—=¢* =3¢ — =.
xeRn 2 9

Note that P(x) =9/2 = Pd(E) and max. .o L(x, ¢) = L(x,0) = —(f, x), for [|x]| > N
from which

1 f L 5 = —00 = 1 f Pd = i f L N N
i L(x, ) = —o00 = inf PY(s) = fnf g L.

that is, [5, (14)] does not hold, and

sup max L(x, ¢) = 0o = sup Pd(g) = sup max L(x, ¢),
xeRn §<0 c<0 §<0xeR"

that is, [5, (15)] does not hold, too.
Moreover, as seen in Example 1, relations [5, (14)] and [5, (15)] do not hold, even if we
replace R” and (—o0, 0) by small neighborhoods of X and ¢, respectively.

5 Counterexample to a result in [6]

In [6] one considers quite a complicated problem. In order to make the statement of [6, Th.3]
clear we introduce the data of the problem; which is

« : 17 T
P) : mm[P(x):Ex Ax —x f:xeXC], (1)

where A = {A;;} € R"*" is a symmetric matrix, f € R" is a given vector, the feasible space
X C R" is defined as

Xe={xeX, |gk)<deR"}, (2)

where g(x) = {go(x)} : X, — R™ is a given vector-valued differentiable (not neces-
sary convex) function, X, is a convex open set in R"”, and d € R is a given vector”. Let
“Ux) = —P(x) = xT f — %xTAx”.“Since g(x) is a nonconvex function, following the
standard procedure of the canonical dual transformation (see [10]), we assume that there
exists a Gateaux differentiable geometrical operator

E={65) = AW) 1 X, CR" — & CR™ P, (1)

and a canonical function V : £, — R™ such that the nonconvex constraint g(x) can be
written in the canonical form:

glx) =V(A). (12)7

As usual “the Legendre conjugate V* : £ — R™ of V can be defined by

Vi) =sta{(§: ¢) — V(§) 1 £ € &b,

where the notation sta{x} denotes computing the stationary points of {x}.”
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For the present case, “the geometrical mapping A (x) : X, — &, is usually a quadratic
operator

1
Ax) = [EXTng +xTCg] ‘R" = &, Cc R™*P« (27)

where By = {Bf;} = {B%,} € R, C§ = {C3} € R”, and the range £, depends on
both Bg and C g In this case, the generalized complementary function has the form:
1
B(x,0,6) = 5x"Ga(0,9)x =0 (V¥(9) +d) —x"F(0,5), (28)

where

Gal0,6)=A+ > > 0uaBish (29)
a=1Bely

is the Hessian matrix of E(x, o, ¢), which does not depend on x, and

Fo,9)=f— D> 0.Cisl. (30)”

a=1Bely
“The canonical dual feasible space S, can be defined as
Se={(0,¢) eRY x & | F(0,6) € Cou(Ga)}, (33)

and the canonical dual function P9 can be formulated as
1
Plo,6) = =2 F(0,9) G0, OF(0,9) =o' (Vi) +d) (34"

“where G is the Moore-Penrose generalized inverse of G,”. “Let

S =10.6) €S | Galo, ) = 0}, (37)
S; ={(0.¢6) €Sc | Galo, ) <0} (38)”

Here for the matrix G € R"™", G < (>)0 means that G is negative (semi-positive)
definite and C,;(G) stands for the subspace of R” spanned by the columns of G.

“Then from Theorems 1, 2, and the triality theory developed in [10, 12, 14], we have the
following result:

Theorem 3 (Triality Theory) Suppose that A(x) is a quadratic operator defined by (27) and
the condition (ii) in (24) holds.

If @,C) € S, is a critical point of (P?), then ¥ = G; (0,¢)F(0,<) is a KKT point of
(P)and P(x) = P4(7,2).”

“If the critical point (¢, ) € S, then on the neighborhood X, x S, of (X, ), we have
either

P(X)=min P(x) = min P%o,¢)= P¢G,T) (40)
X, (0,5)€S,

XEA, 0

or

P(¥) = max P(x) = max Plo, ¢c) = PL(7,2). (41)”

XEA, (0,6)€S,

The references [10, 12, 14] are our references [1,2] and [3], respectively.
The “condition (ii) in (24)” referred above is
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“(ii) the canonical function V : £, — R™ is convex.”

Moreover, in the above statement probably &}, is a neighborhood of X and S, is a neigh-
borhood of (7, ).

We adapt Example 1 to construct a counterexample for the above theorem.

Example 6 We take a very simple case in whichn > 2, A = =21, || fll =2,m =1, p; =
I(henceo = B = 1), I} = {1},d = 0, B} = I,,,C] = 0px1. V(v) = $v? — v (whence
V*(s) = $(s+ D?);s0 A(x) = & |lx||>. It follows that G4 (0, §) = (06 —2)1, F(0, ¢) =
fand E(x,0,¢) = %(ag —2) |Ix|® = %o(g + 12 — xT f. Moreover,

Px)=— x> = (f,x), PYo,¢)= —%<g+1)2, P(—f)=0=Pi(1, 1),

2—0g¢
= 1 2 1 2
E(x,0.6) =5(0g =D llx|” = 5o(c + D7 = (f. x).

ThenV,E(x, 0, ¢) = (606-2)x—f, Vo B(x, 0, §) = 35 [Ix[*~ 3 (c+D? V. E(x,0,¢) =
jo x> = o (s +1),and
Lesrz e 20 c+1)

— — = , — (o, =—5—0 .
C-0g)? 2° b T 2—aer 7°
It is easily checked that (x,0,¢) = (—f, 1, 1) is a critical point of E and that (1, 1) is a
critical point of P?.

We also have that (o7, ) = (1, 1) € intS_ because S, = {(0,¢) € R? |0 >0,0c<2}).

A further calculus gives aj(gd(l, 1) = 4, gigz(l, 1) =4, %(1, 1) = 3. Hence D?pd

(1, 1) is not semidefinite (positive or negative), and so (1, 1) is not a local extremum for P,
This proves that [6, Th.3] is not true.

apd 2¢
P (0,6) =
o
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